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Abstract 

We investigate the spectral properties of the maximal operator A associated with a 
differential expression ^ (— 4r (p4z) + q) with real- valued periodic coefficients w, p 
and q where w changes sign. It turns out that the non-real spectrum of A is bounded, 
symmetric with respect to the real axis and consists of a finite number of analytic 
curves. The real spectrum is band-shaped and neither bounded from above nor from 
below. We characterize the finite spectral singularities of A and prove that there is 
only a finite number of them. Finally, we provide a condition on the coefficients 
which ensures that oo is not a spectral singularity of A. 



Introduction 

In this paper we consider the maximal operator A corresponding to the Sturm-Liou- 
ville differential expression 

a(f):=-(-(pf)' + qf) (0-1) 

on R with real-valued coefficients w, p and q which are periodic with the period a > 
such that w, q and p~ l are integrable over (0,a). We assume p > and almost 
everywhere. 

It is well-known (see, e.g., [35 ]) that in the definite case (i.e. w > (a.e.)) the 
operator A is self-adjoint in the weighted L 2 -Hilbert space lJ w (R). Moreover, it is 
bounded from below and its spectrum has a band structure, i.e. it consists of compact 
intervals which may intersect in their endpoints only. 

If the weight function w changes its sign, the differential expression a in (10.11) is 
called indefinite. In this case the operator A is no longer self-adjoint in L? , (R). But 
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if J denotes the operator of multiplication with sgn(w(-)), then J A is the maximal 
operator associated with the definite Sturm-Liouville expression 



and is therefore self-adjoint in the Hilbert space L?,|(R). The operator A is a so- 
called /-self-adjoint operator in (R). Equivalently, A is self-adjoint with respect 
to the indefinite inner product [• , •] := (/•,•), where (• , •) denotes the scalar product 



If the lower bound of the spectrum of the self-adjoint operator JA is positive, the 
spectral properties of the operator A are well understood (see lfl4l l28l l32l ). Such 
problems are called left-definite. In this case the spectrum of A is real and has a 
band structure as in the definite case. But it is neither bounded from above nor from 
below if w is indefinite. Also in the non-periodic case the /-self-adjoint operators 
corresponding to left-definite problems have real spectra and have been intensively 
studied in the literature. Here, we only mention 0|6]|2]|2]|26ll23 and the monograph 
[38] for further references. If Ao is a /-self-adjoint realization of a and only JAq > 
is assumed, the spectrum of the operator Ao remains real provided its resolvent set is 
non-empty. In this case it is of particular interest whether the operator Ao is similar 
to a self-adjoint operator. With regard to this problem we refer to GTl 1221 1231 and 
also to |[28l in the periodic case. If the negative spectrum of JAq only consists of a 
finite number of negative eigenvalues (counting multiplicities) and p(Ao) 7^ 0, the 
spectrum of the operator Ao is real with the possible exception of a finite number of 
non-real eigenvalues, cf. |@l[8l[T3]|29]. The situation becomes much more difficult, 
in general, when the negative spectrum of the operator JAq has accumulation points 
in (— oo 5 0]. For example, accumulation of the non-real spectrum of Ao to the real line 
may occur. In ||2j [3j and |[24l such problems have been tackled with the local spectral 
theory of self-adjoint operators in Krein spaces. 

In the present paper we discuss the periodic case and allow the lower bound 
of the spectrum of the operator JA to be negative. Our methods are based on the 
interplay between standard tools in the analysis of periodic ODEs (such as Gelfand 
transform and Floquet-discriminant) and elements of the local spectral theory of J- 
self-adjoint operators. As a first result we prove that the Floquet-discriminant of a in 
(10.11) is not a constant. This implies that the spectrum of A consists of the closures of 
analytic curves. Moreover, it is symmetric with respect to K since A is /-self-adjoint. 
But in contrast to the left-definite case the non-real part of the spectrum might be 
non-empty. However, the main result of this paper (see Theorem 13. lb shows that the 
non-real spectrum of A is bounded. Moreover, Theorem 13 . 1 I states that there is a finite 
number of real points which separate the real axis into open intervals of positive or 
negative type. This means that the spectrum of A within these intervals is separable 




(0.2) 



in^L(R). 
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and the spectral subspaces corresponding to closed subintervals are Hilbert spaces 
with respect to either [• , •] = (/•, •) or — [• , •]. Roughly speaking, the operator A acts 
locally like a self-adjoint operator in a Hilbert space. The statements of Theorem 
13. II particularly imply that there is only a finite number of spectral singularities of 
A. These are characterized in Theorem 14.61 In the last result (see Theorem 15.31 ) a 
condition on the coefficients w and p of a is presented which ensures that the point oo 
is not a spectral singularity of A. 

The paper is organized as follows. In section [T] the necessary definitions and 
statements concerning /-self-adjoint operators are provided. In section |2] we de- 
fine the maximal operator A and the multiplication operator A with the family of 
/-self-adjoint operators {A(t) : t 6 [—71, 7t]}, where A(t) is the differential operator in 
L? i(0,a) associated with a on (0,a) subject to the boundary conditions 

f(a) = e"f(0) and (pf')(a) = e" (pf')(0). 

The multiplication operator A acts in the Hilbert space L 2 {[— 71, 7t},L?, (0,a)) and is 
unitarily equivalent to A. Since the spectrum of each operator A(t) is non-empty 
(Proposition I2.ll ). the Floquet-discriminant D of a is a non-constant entire function. 
This implies that the spectrum of A, which coincides with {A : D{X) € [—2,2]}, 
consists of closures of analytic curves, cf. Theorem 12.71 In section [3] we prove our 
main result Theorem 13.11 The proof is based on perturbation- theoretic arguments. 
In section [4] it is proved that A possesses a spectral function with a finite number of 
singularities. These are among the points in the spectrum of A in which the derivative 
of D vanishes. In Theorem l4.6l it is shown in particular that such a point Ao € a(A(?o)) 
is not a spectral singularity of A if and only if the root subspace of A(to) corresponding 
to Ao coincides with ker(A(?o) — Ao). The behaviour of the spectral function at oo is 
investigated in section [5] We prove that oo is not a spectral singularity of A if the 
weight function w has only a finite number of turning points in (0,a) and if w and p 
satisfy some regularity conditions in neighborhoods of these turning points. 

1 Preliminaries on /-self adjoint operators 

In this paper 3$(X,Y) denotes the set of all bounded and everywhere defined linear 
operators from a Banach space X to a Banach space Y . As usual, we write 3§{X) 
instead of 3§(X,X). Spectrum and resolvent set of a closed linear operator T are 
denoted by o{T) and p(T), respectively. Point spectrum, residual spectrum and 
continuous spectrum of T are denoted by o p (T), o r (T) and o c {T), respectively. We 
set M + := (0,oo) and R~ := (— °°,0). Moreover, C + (C~) denotes the upper (lower) 
complex halfplane. 

Throughout this section let (J^ 7 , (• , •)) be a Hilbert space and let J € 3§{Jif) be 
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boundedly invertible such that 



J = J l =J* 



where J* denotes the adjoint of / with respect to the scalar product (•,•)• Such an 
operator will be called a. fundamental symmetry in Jif. The fundamental symmetry J 
induces a second inner product 



on Jif which is indefinite unless / = ±1. The inner product space (M 3 , [•,•]) is called 
a Krein space. For an intensive study of Krein spaces and operators therein we refer 
to the monographs [ 1 ] and 

A linear operator B in is called J -self-adjoint if the operator JB is self-adjoint. 
Equivalently, B* = JBJ, which implies that the spectrum of B is symmetric with 
respect to the real axis, i.e. 

(7(B) = {X: X G a(B)}. 

Moreover, for A € C the following holds: 

ker(B - X) = /ker(/(B - X)J) = /ker(B* - X) = Jnm{B-X) L . (1.1) 

Note that an operator is /-self-adjoint if and only if it is self-adjoint with respect to 
the inner product [•,•]. 

For the rest of this section let B be a /-self-adjoint operator in . Recall that the 
approximate point spectrum c ap (B) of B is defined as the set of all X G C for which 
there exists a sequence (/„) C domB with \\f n \\ = 1 and (B — X)f n — > as n — > oo. 
A point X € C is not an element of o ap {B) if and only if ran(B — X) is closed and 
ker(B — X) = {0}. Therefore, in view of (II. U we have 



It should be mentioned that in general the spectral properties of /-self-adjoint op- 
erators differ considerably from those of self-adjoint operators. There exist simple 
examples of /-self-adjoint operators whose spectrum covers the entire complex plane 
or is empty. Therefore, the existing literature mainly focusses on special classes of 
/-self-adjoint operators such as definitizable or fundamentally reducible operators. 
Another approach is based on the local spectral analysis of /-self-adjoint operators. 

Definition 1.1. Let B be a /-self-adjoint operator in J^f. A point X G o ap (B) is called 
a spectral point of positive {negative) type of B if for every sequence (/„) C domB 
with \\fn\\ = 1 and || (B — X)f n \\ — > as n — > oo we have 



lf,g] ■ 



(Jf,g), f,geJtr, 



o{B)nRco ap (B). 



(1.2) 
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The set of all spectral points of positive (negative) type of B will be denoted by 
o+(B) (a -(B), respectively). A set A C R is said to be of positive (negative) type 
with respect to B if 



An o(B) c o + (B) A n a (B) c a (B) , respectively 



The set A is said to be of definite type with respect to B if it is either of positive or 
negative type with respect to B. 

In the following we collect a few properties of the spectra of definite type. Proofs 
of the statements can be found in the fundamental paper QUI . First of all we note 
that the spectra of positive and negative type of a /-self-adjoint operator B are real. 
An isolated eigenvalue X of B with finite (algebraic) multiplicity is of positive (neg- 
ative) type if and only if the inner product [• , •] is positive definite (negative definite, 
respectively) on ker(B — A). If Jf C R is an interval which is of positive (negative) 
type with respect to B, then there exists an open domain ^ in C such that Jf C % 
and f na(B)c o + (B) (<% Do(B) c o~(B), respectively). In particular, a+(B) and 
&-(B) are open in o(B). Moreover, the operator B has a local spectral function E on 



Definition 1.2. Let ScCbe Borel-measurable and let T be a closed linear operator 
in a Banach space X. By 58o(E) we denote the system of Borel-measurable subsets 
of E whose closure is contained in E. A mapping E : 23o(2) — > SS(X) is called a 
local spectral function ofTonE if it has the following properties (A € 5So(S)): 

(51) E(A) is a projection in the double-commutant of the resolvent of T (which 
maps to a (closed) subspace of domT if A is bounded). 

(52) E is strongly a-additive, i.e., if Ai,A2,... G 25o(E) are mutually disjoint and 



u: 



ir=iA*G» (S),then 




holds for every f EX. 



(S3) £(Ai n A 2 ) = E(A 1 )E(A 2 ) for all A b A 2 € ®o(E). 



(S4) o(T\E(A)J?) c a(T)r\A. 



(S5) a(T\(I-E(A))J?) C o(T)\A. 
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The local spectral function E of the /-self-adjoint operator B on the interval JF 
(which is of positive (negative) type with respect to B) has the additional property 
that the spectral subspace E{A) Jif is a Hilbert space with respect to the inner prod- 
uct [•,•] (—[•,•], respectively) for each A G *&q{ c /). Hence, since B is self-adjoint 
with respect to [•,•], the restriction B\E(A)J4? is self-adjoint in the Hilbert space 
(£(A)JT, [-,.]). 

In the following, the signature of an inner product (•,•) on a finite-dimensional 
subspace ^# of (which is contained in the domain of (•,•)) will be denoted by 

{k + (< v >,^),M<v>,^),Ko((v},^0}- 
For A G C denote the root subspace of B corresponding to A by 

oo 

Se k {B) :={Jker{(B-X) k ). 

k=i 

It is well-known (see, e.g., [16, Proposition 3.2]) that for A /ju we have 

sem [±]^(b), 

i.e. [f,g] = for all / G JSf A (B) and all g G JSJJj (B). In particular, = holds for 
all f,gE J?x (B) if A <^ R, or equivalently, K+ ([■,•], Jgf A (B)) = KL ([•,•], Jgf A (B)) = 0. 
Moreover, it is well-known that dim .if A (B) = dim ^j(B) holds for isolated eigenval- 
ues A of B, see, e.g., Il29l Proposition 1.3.2]. The implication 

A G a+ (B) U a (B) =>■ Jz? A (fi) =ker(fi- A) (1.3) 

follows with the use of the local spectral function but also by elementary means: 
assume (B - A)/i = / and (5 - A)/ = 0, / ^ 0. Then [/ ,/ ] = [(B - X)f h fo] = 
[fi,(B - A)/ ] = which contradicts A G o+(B) U (X_(B). 

The next lemma describes the relation between the signatures of the inner prod- 
ucts [■ , •] and [B-, •] on the subspace 

jr k (B):=S? x (B)+&j(B), AGC. 

Lemma 1.3. Let A G C be an isolated eigenvalue ofB with finite multiplicity. Then 
the following holds. 

(i) If X € R, then we have Kq([- , •], Jz? A (B)) = 0. If in addition, A ^0, then also 

(ii) IfX G R+ then 

K ± ([B;.],^(B)) = K ± ([.,.],^(B)). 
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(iii) IfX G R- then 

K±([B;-],J? X (B)) = K^[-,-],J? X (B)). 

(iv) If X G C \ M, then also X £j a pole of the resolvent of B with finite algebraic 
multiplicity and the Jordan structures ofBatX and X coincide. Moreover, 

k_([-,-],^(B)) = k + ([-,-},^(B))= dim Se x (B) . 

The same holds with respect to the inner product [B-,-]: 

K_([B;-],^(B)) = K + ([B;-],^ X {B)) = dim Se x (B) . 

In particular, dimJzf^B) = dimJ>?j(B) and 

Kb([-, -1,^(5)) = fq,([B v ],4l(B)) = 0. 

Proof. If P(X) denotes the Riesz-Dunford spectral projection of B corresponding to 
X, then [P(X)f,g] = [f,P(X)g] for f,geJf, cf. $2§\ Proposition 3.2]. In particular, 
P(X) is /-self-adjoint if X is real. In this case we have 

^ = J? X (B) [+] (I-P(X))Jt? , 

where [+] denotes the [• , -]-orthogonal direct sum. Hence, if / G if^(B) with [f,g] = 
for all g G Sf x (B), then [f,g] = for all g G Jt? and / = follows. This proves 
K- ( [•,•], if A (B)) =0 for real A and also Kq{[B-, -},^x{B)) = Oif X G K\{0}. For the 
proof of (ii) we may assume that dim^ < oo and that o(B) = {X}. Using the Riesz- 
Dunford calculus, we define a square root B 1 / 2 of B. The operator 5 1 / 2 is boundedly 
invertible and /-self-adjoint. Therefore, (ii) follows from [Bf,f] = [B l l 2 f,B l l 2 f], 
f G M' . The statement (iii) is proved similarly with the difference that iB 1 / 1 is /-self- 
adjoint. Statement (iv) is a consequence of ll29l Proposition 3.2]. □ 

Remark 1.4. If the origin belongs to the spectrum of B, then there is in general no 
relation between the signatures of [• , ■] and [B-, •] on J^o(B). 

The /-self-adjoint operator B is said to have K, K G No, negative squares, if the 
inner product [B-,-] has K negative squares. Equivalently (as [B-,-] = (JB-,-)), the 
spectrum of the self-adjoint operator JB in (— °°,0) consists of exactly K eigenvalues 
(counting multiplicities). It should be mentioned that a /-self-adjoint operator with K 
negative squares and non-empty resolvent set is definitizable in the sense of [29 ]. If B 
has K = negative squares (i.e. JB is non-negative or [Bf,f] > for all / G domB), 
then B is called J-nonnegative. 
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Proposition 1.5. Assume that the resolvent set of the J -self-adjoint operator B is 
non-empty and that the resolvent ofB is compact. IfB has K negative squares, then 

£ K_([B;-],^ X (B)) = K. (1.4) 

AeC+UR 

In particular (cf. Lemma II -3b . the number of non-real eigenvalues of B {counting 
multiplicities) does not exceed K. 

Proof. Let X\ , . . . , X n be the distinct non-zero eigenvalues of B in C + U R with the 
property K- ([B-, ■] , Jt x (B) ) > 0, j = 1 , . . . , n, and set 

Jt := ifo(B) [+] JK h (B) [+]... [+] ^ (B). 

Then K-([B-,-],^t) = LagC+um Since ^# is fi-invariant, the 

same holds for = J^ L , and we have = Ji\\\J^ (see [29, Theorem 

1.5.2]). Hence, it remains to show that [BfJ\ > for all / G domBn^W. To see 
this, note that the spectrum of B\^^ is real and that R + (R~) is of positive (nega- 
tive) type with respect to cf. Lemma [T31 The same holds for the compact 
/-self-adjoint operator C := Hence, due to [29j Corollary II.5.3] we 
have [Cf,f] > for all / G which proves the assertion. □ 

For /-self-adjoint operators B with K negative squares and compact resolvent we 

set 

a ex (B) := {X G C : ^([B-,-],^^)) > 0}. 

The points in a ex (B) will be called the exceptional eigenvalues of B. It follows from 
Proposition 11.51 that B has at most K exceptional eigenvalues in C + UR and hence a 
total of at most 2k exceptional eigenvalues. The assertions of the next lemma follow 
directly from Lemma [T31 and (11.31 . 

Lemma 1.6. Let B be a J -self-adjoint operator with compact resolvent and K nega- 
tive squares. Then a point X G o(B) \ {0} is contained in O ex (B) if and only if one of 
the following holds: 

(a) X i R. 

(b) A > and X o+(B). 

(c) A < and X G-(B). 

IfO G a+(B) U G-{B), then $ <J ex (B). 
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2 Multiplication operators and Floquet theory 



The object of investigation in this paper will be the maximal operator associated with 
a Sturm-Liouville expression of the form 

*(/):=-(- {Pf'y + qf) (2-1) 

on R with real- valued coefficients w, p and q which are periodic with the same period 
a > 0. We assume that the functions w, q and p~ l are integrable over (0,a), that 
w(x) 7^ and p{x) > for a.e. x G (0,a). If neither w > a.e. nor w < a.e. on (0,a), 
we say that the weight function w and the differential expression a are indefinite. 
Since also \w\ is a-periodic, it is a well-known fact (see, e.g., 051 Lemma 12.1]) that 
the (definite) differential expression 

t(/):= A (-(/>/')' + */) (2 " 2) 

is limit point at ±oo. Hence, the maximal operator T associated with t is self-adjoint 
in the weighted L 2 -space L?i (R) which consists of all (equivalence classes of) mea- 
surable functions / : R — > C such that f 2 w is integrable over R. The scalar product 
on L? i (R) is given by 

7r 1 1 

and the maximal operator T associated with t is defined by Tf := t(/) for / E dom T, 
where 

domr := {/ G Lf H ,,(R) : f,pf G AC loc (R), t(/) G Lf w ,(R)} • 

Hereby, the set of all (locally) absolutely continuous complex-valued functions, de- 
fined on a bounded or unbounded interval A, is denoted by AC (A) (ACi 0C (A), respec- 
tively). The maximal operator A associated with a is defined analogously: 

Af:=a(f), /GdomA :=domr. 

Obviously, we have JA = T, where J is the operator of multiplication with sgn(w(-)): 

(Jf)(x) := sgn(w(x))/(x), / G Lf w , (R), x G R. 

Since / is a fundamental symmetry in (R), the operator A is /-self-adjoint. Equiv- 
alently, A is self-adjoint with respect to the (in general indefinite) Krein space inner 
product 

\f,g] ■= (Jf,g) = I f(x)W)w(x)dx, f,g G Lf w ,(R). 
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The spectral properties of the operator A are closely connected to those of a family 
{A(t) : t G [— 71, n]} of differential operators associated with a in the Hilbert space 
L? i(0,a). By (• , -) a we denote the scalar product in this Hilbert space, i.e. 

(f,g)a ■= f f(x)gjxj\w(x)\dx, f,g€d M (0,a). 

Jo 1 1 

The operators A(z), z G C, are defined by A{z)f = a(f) for / G domA(z), where 

domA(z) :={/eLf w ,(0,a) -f,pf' G AC([0,a]), a(f) G Lf H (0,a), 

/(a) = e ! V(0), (p/)(a)=e fe (p/)(0)}. 

Note that A(z + 27i) = A(z) for all z G C. The operator of multiplication J a with the 
restriction of the function sgn(w(-)) to [0,a] is a fundamental symmetry in the Hilbert 
space L? i(0,a) and the operators T(t) :=J a A(t) are self-adjoint in L?,(0, a) fort £f. 
Hence, each of the operators A(t), t G M, is 7,j-self-adjoint and thus self-adjoint with 
respect to the inner product [• , -] a , where 

\f,g]a ■= (Jaf,g)a = [ f(x)g(x)w(x) dx, f,g G L? ,(0,a). 

Jo 1 

It is well-known that each operator T(t), t G M, has compact resolvent and is bounded 
from below. By fc(?) we denote the number of negative eigenvalues of T(t) (counting 
multiplicities). Hence, the operator A{t) has K(t) negative squares. Since each oper- 
ator T(t) has as many negative eigenvalues as either T(0) or T(n), see ll35l Theorem 
12.7], we have 

K(t)e{K*-l,K*}, 

for all t G M, where K* denotes the maximum of the number of negative eigenvalues 
of the operators T(0) and T{n). 

Proposition 2.1. The resolvent set of each operator A(t), t G R, is non-empty and the 
resolvent ofA(t) is compact. In particular, we have 

£ K.([A(t);-] a ,^ k (A(t))) = K(t). (2.3) 

AeC+UR 

Moreover, if the weight function w is indefinite, then the real spectrum of A(t) is 
neither bounded from below nor from above. 

Proof. The first two assertions are due to Ifl3~l Corollary 1.4 and Proposition 2.2], 
and (12.31 ) follows from Proposition 11.51 Assume, e.g., that a(A(?)) DM is bounded 
from below and choose c > such that — c < min(a(A(?)) nR) and max(a ex (A(f)) n 
M.) < c. Then [c,oo) is of positive type with respect to A(t) and (— °°, — c] C p(A(t)). 
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Therefore, see 11291 page 39], the point oo is not a singularity of the spectral function 
E of A(t), and it follows that (£ (R\ [— c,c])J^ a , [• , -] a ) is a Hilbert space. Since this 
space has finite codimension in J4? a , we obtain k:_([- , -] a ,^) < °°, which is obviously 
impossible. □ 

Standard perturbation-theoretical arguments imply that also for non-real z the 
operators A{z) are closed and densely defined, and for all X G C the operator A (z) — A 
is Fredholm with index zero. 

The following abbreviations will be used throughout this paper: 

J? :=[-%,%], je a :=tf w] (0,a) and ':=L 2 (J ,JV a ). 

The multiplication operator T with the family of self-adjoint operators {T(t) : t G J 2 "} 
is an operator in J4f. It has the domain of definition 

domf := {F G JF: F(t) G domr(f) for a.e. (G / and r(-)F(-) G if} 
and acts in the following way: 

(TF) (t) := T(t)F(t), F G domf, t G J. (2.4) 
The Gelfand transform <S : LjL (R) — > is defined by 

(Sf/)(0 := l.i.m. JL £ «-**/(■ * G /,/ei? ,(R). 

Here, l.i.m. denotes the limit in = L 2 (<f ,J^ a ). It is well-known (see, e.g., IT361 
Lemma 16.7 and Satz 16.9]) that the Gelfand transform is unitary and that 

f = ^T^-\ (2.5) 

In particular, T is a self-adjoint operator in Moreover, the operator J in , given 

(jF)(t):=J a F(t), FeJ?,tejr, 
is a fundamental symmetry in Jf . For / G L 2 , (R) and f£/we have 

f e - to sgn(w(-))/(-+na) 

i=-JV 
iV 

£ e~ ! "'sgn(w(- + na))f(- + na) 

i=-N 
N 



= l.i.m. - 


1 






v/27T 


= l.i.m. - 


1 






v/27T 


= l.i.m. - 


1 






v/27T 
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and thus 

J = &J&-\ (2.6) 
Let A be the multiplication operator with the family {A(t) : t G i.e. 

domA = {FeJ: F{t) G domA(f) for a.e. t G and A(-)F(-) G JT}, 

and 

(A>)(/) =A(/)F(f), F G domA, f G /. 
Then domA = domT, and (T2.5lHl2.6l ) imply 

A = fr = ( sn ( s- x = m&- 1 . 

We summarize the above discussion in the following lemma. 

Lemma 2.2. Let A, T and J be the multiplication operators in .3? with the families 
of operators {A(t) : t G J^}, {T(t) : t G ^} and {J a }, respectively. Then with the 
G elf and transform <S the following holds: 



In the following we introduce the Floquet discriminant and the monodromy ma- 
trix of a. For A G C denote by (p^ and yfi tne solutions of a(u) = Xu which satisfy 
the initial conditions 

<Pa(0) = 1, (M)(0)=0, 
Va a (0)=0, (M)(0) = 1. 

We mention that q>x{x), VX(-f). Pty'xi*) an< ^ PWx( x ) are entire functions (in X G C) 
for every i£l and that (X,x) ((px(x),Yx( x )i (PP^X*); (PVDW) ^ s continuous 
on C x 1. The entire function 

D(A):=<p A (a) + (pv4)(") 
is called the Floquet discriminant of a. Here, since 

<p I =9^ and V^ = W: ( 2 -8) 



it has the additional property D(X) = D(X), X G C. In particular, if X is real then 
and Yx are real- valued and D(A) is real. The Floquet discriminant is the trace of the 
so-called monodromy matrix 

L(A) Y (2.9) 

As detL(A) = 1 for all A G C we have 

p€ff(L(A)) p _1 Gff(L(A)). (2.10) 

The following lemma is well-known, see, e.g., ifTTl . 
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Lemma 2.3. Let A , z G C. Then, 



A G ff(A(z)) 



a(L(A)) = {*V~' z 



} 



D(A) =2cos(z). 



In particular, the spectra of the operators A(t), t G [0, k], are mutually disjoint. 

We point out an important fact which is a consequence of Lemma 1231 and Propo- 
sition o 

Corollary 2.4. 77je entire function D is not a constant. 

Indeed, if D is a constant, then Lemma [231 implies that a(A(?)) = for all but 
at most two t G J* . If the weight function w is indefinite, this contradicts Proposition 
12.11 Otherwise, 7 a = ±7, and for each (G / the operator A(f) = ±7(?) is self-adjoint 
and hence has a non-empty spectrum. 

In the next lemma we consider the function (z, A) h- » 7?(z, A), where 



Note that by Lemma 1231 the resolvent /?(z, A) exists if and only if D(A) / 2cos(z). 
Lemma 2.5. The following statements hold: 

(a) For eac/j r > f/zere ex/ifs Ao G C that Ao G p (A (z) ) /or c?/Z z G M + i[— r, r]. 

(b) For fixed A G C f/ze mapping z *— > R(z, A) is holomorphic on the open set {z '■ 



(c) 7/ 1 ^ itf a domain in C smc/j ^ C p (A (z) ) for all z in a compact set K C C, 
then R(z, A) is continuous on K x 

Proof. Let r > and suppose that A) as in (a) does not exist. Then for every A G C 
there exists z G H.+ j[— r, r] such that A G a(A(z)), or equivalently, D{X) = 2cos(z), 
cf. Lemma l231 Hence, the entire function D is bounded and therefore constant which 
is impossible due to Corollary 12.41 



For the proof of (b) let A G C. For z G C with d(z, A) := 2cos(z) - D(A) / the 
resolvent R(z„ A) of A(z) in A is given by 



(K(z,A)g)(*)= / G x (z,x,y)g(y)w(y)dy, g G x G [0,a], (2.11) 



7?(z,A):=(A(z)-A) 



2cos(z) ^D(A)}. 




where 




(2.12) 



Hereby, 




and 
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Letz,£ GC m±d(z,X) /Oandd(£,A) ^0. Then 



d(z,A)rf(C,A) 



^ A (x) r M A ( z ,C)^(y), 



whereM A (z,C) := - l)L(A) +D(A) -e iz -S. Hence, for g G we have 



Remark 2.6. Lemmas [2.31 and 1231 imply that the operator function z ■->• A(z) is holo- 
moiphic on C in the sense of 1251 page 366], cf. E51 Theorem VII- 1.3]. 

In the sequel a continuous mapping y : J? — >• C, where ^ is a real (bounded or 
unbounded) interval, will be called a curve. As usual, we identify y with its image 
y( a f). We shall call a curve 7 analytic if the mapping 7 : ^ — > C is injective and 
analytic at each t in the real interior of ^ . 

Theorem 2.7. The operator A has the following spectral properties: 



(i) (7(A) = U e .y <T(A(0) = U eM (A(0) = {A G C : D(A) G [-2,2]}. 

(ii) a (A) = a c (A). 



(iii) ct(A) contains neither interior nor isolated points. 

(iv) ct(A) consists of closures of analytic curves. 

(v) p(A) cfoes rcof Ziave hounded connected components. 

(vi) 7/ 1 weight function w is indefinite, then the real spectrum of A is neither 
bounded from above nor from below. 

Proof. By Lemma l2T2l it suffices to prove the theorem for the multiplication operator 
A instead of A. The second and third equality in (i) follow from Lemma 1231 Choose 
some A) as in Lemma 12.51 and note that the multiplication operator with the family 
{(A(?) — A)) -1 : t G J^} coincides with (A — Ao) _1 . From [15] we conclude that 




This proves (b). And due to 



R(z,X) -R(zoM = (#M) -R(zoA)) + (*(zo,A) -R(zoM)) 



also (c) is proved. 



□ 



a((A-h)- 1 ) = (J ^((AW-A,)- 1 ) 
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which implies (i). Statement (vi) is a consequence of (i) and Proposition 12.11 Also 
(iv) follows from (i). Interior points of a (A) cannot exist according to Corollary 12.41 
and the absence of isolated points of a (A) follows from the properties of holomorphic 
functions. If the operator A has an eigenvalue A G C, then there exists F G domA, 
F / 0, such that A(t)F(t) = XF(t) for a.e. t G J. But as D(A) = 2cos(f) is only 
possible for at most two t G J? , from Lemma 1231 we obtain the contradiction F = 0. 
Statement (ii) now follows from the implication (cf. (11.11 )) 

A G a,(A) => A G o p (A). 

It remains to prove (v). Assume that there exists a bounded connected component of 
p(A). Then ImD = on its boundary. As ImD is a harmonic function, it follows 
from the maximum and minimum principle that ImD = in the whole component 
which contradicts Corollary 12.41 □ 

The following corollary generalizes the main result of lf32l . where the authors 
assume that the self-adjoint operator T = J A is uniformly positive (the so-called left- 
definite case). The complex derivative of a function / : % — > C, % C C, is denoted 
by /• 

Corollary 2.8. The operator A is J -nonnegative if and only if all operators A(t), 
t G <y, are J a -nonnegative. In this case the spectrum of A is real and consists of 
compact intervals [05,j8] {which might intersect in their endpoints only), such that 
D(a) = ±2, D(fi) = =f2 and ±D(A) < Ofor A G (ot,j3). 

Proof. The operator A is /-nonnegative if and only if the self-adjoint operator T =JA 
in the Hilbert space L? . (R) is non-negative. By Theorem 12.711 ) (applied to t instead 
of o) this is the case if and only if all self-adjoint operators T(t) = J a A(t), t G J 1 , are 
non-negative in the Hilbert space L? i (0,a). This proves the first statement. Assume 
now that A is /-nonnegative. Then o(A) is real since a(A(?)) is real for any t € , 
cf. Proposition 11.51 It remains to show that there are no real points Ao such that 
D(Ao) G (—2,2) and D(Ao) = 0. Suppose that Aq is such a point. Then for each 
£ > sufficiently small both equations D(A) = D(Aq) ±e have two solutions close 
to Ao, respectively, and these must be real. Therefore, Aq is both a maximum and a 
minimum of Z)|R which contradicts Corollary 12.41 □ 

3 Non-real spectrum and sign types 

In this section it is our aim to prove the following theorem which can be regarded as 
the main result of this paper. 
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Theorem 3.1. The non-real spectrum of the operator A is bounded. Moreover, there 
exists a finite number of points X\, . . . , A„ G M, A;_i < Ay, j = 2,...,n, such that the 
following holds: 

(i) The interval (— °°, Ai) is of negative type with respect to A. 

(ii) Each interval (Ay_i , Ay), j = 2, . . . , n, is of definite type with respect to A. 

(iii) The interval (A n ,°°) is of positive type with respect to A. 

Remark 3.2. We mention that adjacent intervals in Theorem 13. II might be of the 
same sign type with respect to A. As the following lemmas will reveal, this happens 
if t) vanishes in the common endpoint Ay of the intervals and if the function A i-)- 
t>(X)Yx ( a ) does not change its sign in a neighborhood of Ay. 

The statements of Theorem 13.11 follow immediately from the next three lemmas. 

Lemma 3.3. Let t G J and A G ff(A(f)) DHL If D(A) ^ 0, then yx{a) ^ or 
(p(p'^)(a) ^ 0, and the following statements hold: 

(i) If (a) / then 

A G o±(A(f)) ^ ±D(X)Yx(a) < 0. 

(ii) lf{p(p' x ){a)^0then 

A G o±(A(0) ±D(A)(/^)(a) > 0. 

/« particular, if only D(X) ^ 0, ?/ze« A w a spectral point of definite type ofA(t). 
Lemma 3.4. There exists M >Q such that for all t G J" the following holds: 

(i) The non-real spectrum of A(t) is contained in 5^(0). 

(ii) The interval (— °°, —ffl) is of negative type with respect to A(t). 

(iii) The interval (&,°°) is of positive type with respect to A(t). 

Lemma 3.5. If A C M is of positive (negative) type with respect to A(t)for all f E /, 
then A is of positive type (negative type, respectively) with respect to A. 

In the proof of Lemma 1331 (more precisely, in that of Lemma |3~51 below) we will 
make use of the relation 

D(A ) = - \fr x (a) [(px,W]a + (<Pa (a) - (py[ ) (a)) [<p A ,Wx\a + {p<p'x ) 0) [Vk , Wl]a ■ 

(3.1) 
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To prove (13 -lb . note that for g G Jff a = L?.(0,a) the solution of the initial value 
problem 

o(b)- An = g, k(0) = (/ra')(0) =0, 

is given by 

"(*) = <Pk(x) ■ / Va.?^ - Wl(x) • / Vxgwdy. 
Jo Jo 

As for A , ;U G C the function / := <p A — <p M has the properties /(0) = (pf')(0) = 
and a(/) - A/ = (A - jU)<p M , it follows that 



A — /i 



<PaM • / Yx^wdy - yr x (x) ■ / (Pi^wdy. 
Jo Jo 



Analogously, we proceed with the functions y^, pq>'^ and py'^ and obtain the formu- 
las 

<Px («) = (px (a) [yfx ,yx-] a - y x (a) [(px,W]a 



Jx(P<Px)(a) = (P9x)( a )[Yx,W]a-(pv'x)( a )[ ( Px,W]a 
Jj- Yx (a) = (px (a) [Wx,Wx]a ~ Wx (a) [(px,¥x)a 



(3.2) 



These imply (13 - 1 b - 

Lemma 3.6. Le? ? G [— 7T,7r] a?i<i A G cr(A(f)). Moreover, let fx and fj be eigen- 
f unctions of A(t) corresponding to the eigenvalues A an J A, respectively. Then we 
have 

Yx («) [fx , fx\a = -fx {0)jW) '*>(*>) 

and 

[fx, fxl = (PfxMiP^m -D^). 
Proof. As = Ipx and \jf^ = ~yx, there are a, j8 , y, 5 G C such that 

fx = ayx+Pvx and fj = YW + ^Wx- 

It is obvious that 

a = fx(0), P = (pf x )(0), 7 = / X (0), S = (p/£)(0). (3.3) 
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For simplicity, we set 9 := 9^ and \j/ := \j/x- From fx,fr € domA(f) we deduce the 
four equations 

(<p(a) -e") a = -y(a)fi 
{(pxi/)(a)-e u )P = -(p<p')(a)a 
((p(a)-e- it )r=-Y(a)8 
{(p ¥ ')(a)-e- it )S = -(p<p')(a)y. 

With the help of (13.11 ) we obtain 

-Y(a) [fx,fj)a = - (a/[9, 9]a + (fir + a*) [<P>?]a + j85 [y, ?] a ) 
= -ay\\r(a) [<p,y\ a + ay(2<p(a) -e u -e~ u ) [<p,y\ a 

+ a[<p{a)-e u )8[y,y\ a 
= -ayyia) [<p, y] a + ay(<p(a) - (/V )(<?)) [<?,W\a 

+ a(D(X) - (p\i/)(a)-e u )d[Y,W]a 
= ocy{D(X) - (p(p')(a) for, xjf] a ) +a(e"' Y - (p\f)(a)) 8 [y,\jf] a 
= ayb{X) 

as well as 

(P<p'){a) [fx,fj]a = (P<p')(a) (ay[tp,y\a + fir + «<5) [(p,W]a + P8 [w,W]a) 

= (e it -(pxi/)(a))Py[<P,9]a 

+ (j8 {e- it -( P y)(a))8- ((pv» -e>) fit) [<p,W)a 

+ PS (ptp'){a) [Y,W]a 
= (<P(a) - «"*) Pri<P,9]a + PS ((p(a) - {p\/)(a)) [(p,\jt]a 

+P8(p(p')(a) [yf,W)a 

= p8b(X). 

The assertion now follows from (13.31 . □ 

We are now ready to prove Lemmas 13.3113.51 

Proof of Lemma [331 Suppose that D(X) / but i/r A (a) = {P^'x)i. a ) = 0- Then the 
monodromy matrix L(A) in ( 12.9b is a diagonal matrix and hence has its eigenvalues e lt 
and e~" on the diagonal. Since the functions tyx and Yx w& real- valued, it follows that 
<Px ( a ) = {PW'x ) («) = ± 1- But in view of (13.11) this implies D(X) = 0. A contradiction. 
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Assume, e.g., Yx ( a ) and let fx be any eigenfunction of A(t) corresponding to 
the eigenvalue A. Then fx (0) / since otherwise fx = VYx with some v G C \ {0} 
and thus Yx ( a ) = e " Vx (0) = 0- From Lemma 1331 it follows that 

[fxJx]a = -\fx(0)\ 2 ^ 

which proves the equivalence in (i). The statement (ii) is proved similarly. □ 

For r > and A G C by 5,- (A) we denote the open disc in the complex plane with 
center A and radius r. 

Proof of Lemma l3~4l First of all note that M > as in Lemma [3~4l exists if and only 
if the set 

U MA(0) 

is bounded. Also note that the number of points in each a ex (A(t)), t G /, cannot 
exceed K*, cf. Proposition 12. II The proof is divided into two steps. 

1. In this first step we prove the assertion under the assumption that one of the 
two following cases holds true: 

(I) D(0) i [-2,2]. 

(II) D(0) G (-2,2) andD(O) ^0. 

Let (I) or (II) be satisfied. In what follows we show the following claim: 

(C) For each to G J? there exists 8 > such that for all t G (to — 8, to + 8) and all 
A G Gex(A(?)) we have 

dist(A,(T ex (A(/o)))<l. (3.4) 

Then the assertion follows since J* is compact. 

Let to G ^ be arbitrary and let Ai , . . . , A„ be the exceptional eigenvalues of A(?o) 
in C + and A„ + 1 , . . . , A„ +J t the non-zero real exceptional eigenvalues of A(/o)- Choose 
£ G (0, 1) such that with Bj := fi e (Ay) the following holds: 

(a) o(A(to))DB~ = {Xj}for j = \,...,n + k, 

(b) 5~cC+for j = l,...,n, 

(c) ^ B~] for j = n + 1,. . . ,n+k. 

(d) B~in~B~j = for all i, j = l,...,n+k, i^j. 
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Denote by Tj, j = 1, . . . ,n +k, the boundary of Bj. As a consequence of Lemma 1231 
there exists 8\ > such that Fj C p(A(t)) for all t G (? ) := [f — 5i,fo + 8\] and 
all j € {1, . . . , n + k}. Hence, the Riesz-Dunford projection 

is well-defined for j = 1, . . . ,n + & and t G J^g, (?o)- Moreover, according to Lemma 
12.51 each function Pj is continuous on J^f/o) in the uniform operator topology. 
Therefore, there exists 8 G (0, 5i) such that 

11^(0-^)11 < 1 and IftftOtfKO -Pj(to))Pj(t )\\ < 1 
holds for all j = 1 ,...,« + k and all t <E J?§ (to). Hence, OT1 Lemma 2. 1] implies 

K s ([-,-] a ,Pj(t)J^) = K s ([-,-} a ,^.(A(t ))), sG{+,-,0}, (3.5) 

for each j G {I, . . . ,n + k} and all t G ^s(?o)- Let us now see that for each j G 
{1 , . . . , n + k} and all t G (to) this implies 

£ K.([A(t);-) a ,^(A(t))) =K.([A(toh-] a ,M K .(A(t ))). (3.6) 

If Ay ^ M, i.e. j G {l,...,n}, then (13.61 ) follows directly from Lemma [Of iv). Let 
j > n such that A/ G M + . Then Lemma [T3I and (13.51 ) imply 

K_([A(f )v]«,M A .(A(/ ))) = K^([- ,-) a ,J? x .(A(t ))) = K^([ ,-] a ,Pj(t)je a ) 
for all t G ^(fo). From Lemma [Ol ii) we obtain 

K^([,-] a ,Pj(t)M> a )= £ dim^ A (A(0)+ £ K_([-,-] a ,JSf x (A(/))) 
= £ K_([A(f) v ] a ,^(A(;))). 

Similarly, one proves that (13.61 ) holds for Ay G M~. 

If ^ a(A(? )), we can choose 8 > so small that ^ a(A(f)) for all f G J^s( { o)- 
Then K"(?) is constant on ^§(to), and from (13.61 ) it follows that 

£ £ K^([A(t).,.] a ,^(A(t)))= n f K_([A(to);-]a,M Xj (A(to))) 

j=\XeBj\C- 

= K-(fo) = K(f), 
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which shows that the exceptional eigenvalues of each A(t), t G J?§(to), are contained 
in the union of all Bj and B* := {X : X G Bf\, j = l,...,n + k. Therefore, (|3T4T > holds 
if ^ cr(A(?o)). In particular, the lemma is proved in case (I). 

It remains to prove the claim (C) in the case (II) for to G (0, it) with D(0) = 
2cos(?o)- The value — to needs not to be considered since / G J^x(A(t)) <J=^ / G 
3?j(A(-t)) implies a ex (A(-t)) = o ex (A(t)). By Lemma [331 either y/ (a) / or 
{p(p' Q ){a) / 0. Without loss of generality we assume Yo( a ) / 0. Moreover, Lemma 
[331 implies G (7 + (A(f )) U (7_(A(f ))- In particular, ^ a ex (A(f )), cf. Lemma [L6l 
and zero is a simple (isolated) eigenvalue of A(?o), cf. (11.31 ). 

Choose £ and 5 from above so small that J^(fo) C (0, 7t) and such that for Bo := 
B e (0) the following holds: 

(a') o(A(t ))r\Bo~={0}, 

(b') dB Q C p(A(0) for all t G J^(f ), 

(c') D{X)y x {a) / for all X G fi - 

(d') B^nS7 = 0for j= l,...,n + k, 

For ? G ^s{to) let be the simple (isolated) eigenvalue of A(t) in Bo- Then 
X(t) is real since otherwise X(t) is another eigenvalue of A(t) in Bo- Moreover, 
as D(X)Yx( a ) does not change sign on BofllR, we have X(t) G G±(A(?)) if G 
o±(A(? )), cf. Lemma [331 In addition, from D(X(t))X(t) = — 2sin(?) and J^s(to) C 
(0, it) we see that ^ for all ? G J^f/o)- 

Let f G J^(?o), f > ?o- Then, due to Lemma IT761 X(t) G G ex (A(t)) if and only 
if ±X(t) > and X(t) G a T (A(f))- This holds if and only if ±X(t ) > and G 
a T (A(to)). By Lemma [331 this is equivalent to X(to)D(0)\j/o(a) > 0. Hence, the 
relation D{X (s)) X (s) = -2sin(s) for^ G J^s(to) yields that X(t) G a ex (A(t)) forty t Q 
if and only if y/o(a) < 0. By D + denote the Floquet discriminant corresponding to 
the differential expression t in (I2.2I ). Then Lemma [331 implies that D + (0)yo{^) < 0. 
Therefore, X(t) G a ex (A(?)) for t > to if and only if D+(0) > 0. Similarly, one proves 
that X (t) G a ex (A(0) for t < t if and only if D+(0) < 0. 

Assume that D+(0) > 0. Then for t G J^(fo) we have 

[ fc* for ? > ? 
[jc*-1 forf<? - 

Since ^ <T ex (A(t)) for f < f and X(t) G (7 ex (A(f)) for t > t , 

K.{[A{t)-,-) a ,^ x{t) {A{t))) = r fort>tQ teSafa). 

for t < to, 
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Hence, (13.61) and Proposition 11.51 imply that for each t G -^g(fo) we have 
"f £ J c_([A(f) v ]a,^i(AW))=K_([A(/)v] a ,^i(o(A(0)) + ^o) 

;=0AeB ; \C- 

= JC_([A(/)-,-] a ,^ A(0 (A(0)) + Jc*-l = »cW. 

Therefore, o ex (A(t)) C U^oC 8 / UB}). A similar reasoning applies if D+(0) < 0. 
Hence, the lemma is proved for the cases (I) and (II). 

2. Assume now that G cr(A) and that (II) is not satisfied. Then D(s) ^ and 
D(e) ^ {—2,2} for e > sufficiently small. By D e denote the Floquet discriminant 
associated with the (periodic) differential expression 

a e (/) := a(/) -ef=- ((pf 1 ) 1 + (q- ew)f) . 

ThenD e (A) = D(A + £) and thus D e (0) and D e (0) ^ {-2,2}. By the first step of 
this proof there exists ^ > such that (j ex (A(t) — e) C 6^(0) for all f G J r . Hence, 
for all t G ,y the non-real spectrum of A{t) — e is contained in B^(0), (^?,°°) is of 
positive type with respect to A(t) — e and (— °°, —M) is of negative type with respect 
to A(t) — e. Consequently, for all t G J* the non-real spectrum of A(t) is contained 
in B^(e), (& + E,o°) is of positive type with respect to A(?) and (— °°, — & + e) is of 
negative type with respect to A(t). But this means that a ex (A(t)) C B^(e) holds for 
all □ 

Proof of 'Lemma 1331 Let A E R such that A G o+(A(/)) Up(A(f)) for all /. We 
have to prove that A G d + (A) Up(A). Then A G c + (A) Up (A) follows from Lemma 
12.21 First of all we show that there exists e > such that for all t G we have 

/GdomA(0, ||(A(0-A)/|| fl <e||/|| fl [/,/]«> e||/||2. (3.7) 

Suppose that such an £ > does not exist. Then for each n G N there exist t„ G 
and /„ G domA(^) with \\f n \\a = 1 such that 

\\{A(t n )-X)f n \\ a < l/n and [f n ,f„] a < l/n. 
It is no restriction to assume that (?„) converges to some f € /. We set 

ft, := {A{t)-h ) )-\A{t n )-h 3 )f n G domA(f), 
where Ao G p(A) is arbitrary. Due to Lemma l23T b) the expression 

gn ~ fn = ((A(0 - Ao)" 1 - (A(t n ) - A))" 1 ) (A(t n ) - h)fn 
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tends to zero as n — > °°. The same holds for 

(A (t) - A )g n = (A (t n ) - A )/„ + ( Ao - A ) (g n - f n ) . 
Therefore, A G c fl p(A(/)) and thus, by assumption, A G a + (A(?)), which implies 
liminf [/„,/„]« = liminf [g n ,g n ]a > 0. 

But this contradicts [/ n ,/nL < 1/n. Hence, (13.71) is proved. 

Assume that A G <r(A) (and hence A G o ap {A), cf. (11.21 )) and let (F„) C domA 
with ||F„||^ = 1 for all n G N and \\{A- X)F n \\„ ->■ as « ->• °°, i.e. 

a„:=^||(A(f)-A)F n (0||^f^0 and J J\F n (t)\\ 2 a dt = \. 

For n G N we define the measurable set 

M n :={?G>: ||(A(f)-A)F n (0|| a > e||F B (f)|| fl }. 

Then 

/ \\F n (t)f a dt < 1 / ||(A(/)-A)F n (/)||><^^0 
as « — )■ oo. Moreover, by (13.71 . 

[F„,F„]~ = / [F„(f),F„(f)] a ^ > / [F«(f),F n {t)] a dt + e \\F n {t)f a dt. 

■I ■/ JM„ J / I/, 

And since 

/ [F„(f),F„(f)Mf 

it follows that 

liminf [F n ,F n ]^ > e lim / ||F„(f)||^f = e. 

This shows A G c+(A). □ 

The rest of this section is devoted to the study of the Floquet discriminant D on 
R. Recall that the order of an entire function v : C — > C is defined as the infimum of 
all c > with the property 

v(A) = <?(^) (|A|->-). 

If there exists no such c > 0, we say that the function v is of infinite order. A proof of 
the following lemma can be found in 071 Section VII. 1.1]. 



< / \\F n (t)\\ 2 a dt ^ 0, 
Jm„ 
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Lemma 3.7. The order of the entire function D is at most one. 

The next lemma is proved in ifTTI . see ifTTl Lemma XI-3.1]. Note that the addi- 
tional assumption /(0) = 1 in IfTTI is redundant. 

Lemma 3.8. Let f : C — > C be a non-constant entire function whose order is at most 
one and let the zeros X\, A2, ■ ■ . off (counting multiplicities) be ordered in such a way 
that \Xj\ < \Xj+\ \, j G N. Then for X <£ {X k : k G N} we have 

f(X)f(X)-f(X) 2 _y 1 

f(xf kfr-w 

In the case of a definite weight function w it is well-known that for real X with 
D(X) = we have \D(X)\ > 2 and D(X)D(X) < 0, cf. [35, Theorem 12.7]. The 
following proposition shows that in the general case the function D has this behaviour 

onl\ (-^0,^0), where 

^0 := V2max{|A| :Ag (ct(A(0))\M) U (ct(A(tf))\R) U{0}}. 

The constant is well-defined due to Proposition 12.11 

Proposition 3.9. For each X G E \ (— ^b>^b) with D(X) = we have 

|D(A)|>2 and D(X)D(X) <0. 

Consequently, X is a maximum ofD\R. ifD(X) > 2, and a minimum ifD(X) < —2. 

Proof Let X G M \ (-^0,^0) such that D(A) =0. By X u . . . , X n we denote the 
zeros of the function D(-) — 2 (and thus the eigenvalues of A(0), cf. Lemma [23T > 
in C + and set X n+ j := A 7 for _/ = 1, .. . ,n. In addition, let X^n+i, Aa«+2, • • • be the 
(infinitely many) real zeros of D(-) — 2 such that \Xj\ < \Xj + \ \ for j > 2n+ 1. From 
|A| > \/2 max ; - = i I Ay I it follows that 

|A-ReA 7 -| > |A|-|ReA 7 -| > ^2((Re Ay) 2 + (Im Xj) 2 ) - \ Re Ay| 

> ^/(|ReAy| + |ImA y |) 2 - | Re Ay| = | Im Ay| 
for j = 1 , . . . , n, and with an easy calculation one confirms that this implies 

(A-Ay)- 2 + (A-A~)- 2 >0 
for each j G {l,...,n}. We apply Lemma [3781 and obtain 

D(A)/2 =^ (D(A)-2)D(A) < 0. 
An analog treatment of the function D(-) + 2 gives 

D(A)^-2 (D(A) + 2)D(A) < 0. 

These two implications yield the assertion. □ 
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Corollary 3.10. The real accumulation points of the non-real spectrum of A are 
contained in {—Mq,Mq) and constitute a finite set. 

Proof. Let Ao G R be an accumulation point of the non-real spectrum of A. As the 
spectrum of A is symmetric with respect to the real axis, in each neighborhood of 
Ao in C there is a pair A, A G C \R such that D(A) = D(X) which implies D(Aq) = 
0. Hence, in (— there is only a finite number of such accumulation points. 
Suppose now that |Ao| > &o- Then from Proposition 13.91 it follows that D(Ao) G 
{-2,2} and D(Ao)D(Ao) < 0. If, e.g., D(Ao) = 2, then D|M has a maximum at Ao 
and hence, in each neighborhood of Ao, in addition to A and A, there is also some 
/i G R such that D(A) = D(A) = D(ju), which contradicts D(Ao) / 0. □ 

Corollary 3.11. |f f/ie spectra qfA(O) and A(jt) are real, then the spectrum of A is 
real. 

Proof. If the spectra of A(0) and A(n) are real, then ^o = 0- Hence, by Corollary 
13.101 the non-real spectrum of A does not accumulate to any real point. Therefore, 
since a (A) \ R is bounded by Theorem 13.11 the set K := a (A) n C + is compact. 
Suppose that K ^ 0. Then the function D attains its maximum on K (note that D is 
real-valued on K). Let Ao G K such that D(A) < D(Ao) for all A G K. As Ao $ R we 
have D(Ao) G (-2,2). Let C C+ be an open neighborhood of Ao. Then D(<%) 
is an open neighborhood of D(Ao). Hence, there exists Ai G % such that D(Ao) < 
D(Ai) < 2. Since this also implies Ai G /T, we have obtained a contradiction. □ 

4 The spectral function and its singularities 

A regular spectral curve of A is an analytic curve y : Jf — > a (A) such that the deriva- 
tive D of D does not vanish on y, i.e. D(y(f)) 7^ for all t G J? . If 7 is a regular 
spectral curve of A, then for A C 7 we denote by J^a the set of all t G J? such that 
o(A(t)) HA / 0. Each regular spectral curve of A is bounded due to Proposition 
12.11 and Theorem 13.11 We say that a regular spectral curve 7 of A is maximal, if 
for each endpoint A of 7 we either have D(A) = (and hence A ^ 7) or D(A) 7^ 0, 
D(A) G {-2,2} and A G 7. 

Theorem 4.1. 77je operator A has a local spectral function on each of its regular 
spectral curves. 

Proof. Let 7 be a regular spectral curve of A. Since each regular spectral curve of A 
is contained in a maximal one, it is no restriction to assume that 7 is maximal. Then 
there exists a closed rectifiable Jordan contour Y such that (see Figure [TJ) 

(j(A)nintr = 7 and a(A)nT=7\7. 
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Figure 1 : Maximal regular spectral curve 7 and contour T 



Let A G < Bo(y). Then each of the operators A(t), t G J 2 a> has exactly one eigen- 
value in intT and there exists a small neighborhood % of T such that C p(A(t)) 
holds for all t G J^a- According to Lemma l23l c) the function R(t,X) is contin- 
uous and therefore uniformly bounded on J 2 ^ X T. Hence, the operator function 

t (->■ E(t;A), t G J 2 *", defined by 

^ ;A):= /-^/r^(a)^, if,G^ A 

\0, ift€S\S A , 

is measurable and uniformly bounded. Therefore, the multiplication operator is (A) in 
corresponding to the family {E(t;A) : t G is an element of Since the 

above construction is independent of the choice of T, the operator is (A) is properly 
defined. In the following we show that (S1)-(S5) in Definition 1 1 . 2 1 hold with T, E 
and S replaced by A, is and 7. Then the theorem is proved according to Lemma I2l2l 
Let A G 2$o(y)- As for each fS / the operator E(t; A) is a projection commuting 
with the resolvent of A(t), also is (A) is a projection commuting with the resolvent of 
A (the fact that is (A) is even in the double-commutant of the resolvent of A will be 
proved below). Moreover, for every F G the function E(A)F belongs to domA 
since the function XR{t,X) is continuous on x T. Property (S3) follows directly 
from the definition of E. Let us prove (S2). To this end let F G ffl 1 and set A := 

UJ=i A/ as we ^ as 

G n := E(A)F - £ E(Aj)F. 

7=1 

Note that ^ = UJ=l anc ^ tnat tne 316 mutually disjoint. From the definition 
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of E it follows that 



G n (t) 





E(t;A)F(t) 




ift G /\/ Al nG N, 

if i G " 

if ? G J^A t ,n>k. 



Hence, for each fG/we have G„(?) — > as n — > oo. Moreover, as i?(f;A) is uni- 
formly bounded in t G J^a, there exists C > such that [|G„(f)|| fl < C||F(f)[| a holds 
for all t G and all « G N. Therefore, by Lebesgue's theorem, ||G„ ||^ — > as n — > oo 
as desired. 

For the proof of (S4) let Ao G C \ A and let F\ be a rectifiable Jordan contour such 

that 

Acintri, Ao i nuTi, a(A)nriCy. 



Then £(f; A) is given by (Ej} with T replaced by T\. For G G £(A) set F(f 
for f G J \ y& and 

J_ R(t,X)G(t) 
2%i 



Fit) :-- 







(4.2) 



rj A - A<) 

for f G A- Then for a.e. fe/we have F(f) G E(t;A)J%, and [|F(f)[| a < C[|G(/)|| a 
with a constant C > which does not depend on t. Hence, F G E{A)M'. Moreover, 
for a.e. t G J we have (A(f) - Xo)F(t) = G(t) and therefore F G domA, (A - Xo)F = 
G which shows Ao G p(A\E(A)JF). 

In order to prove (S5) let Ao ^ (7(A) \ A. Then either Ao G p(A) or Ao is in the 
a (A) -interior of A. In the first case it is clear that Ao G p{A\(I — E(A))J^). In the 
second case we have Ao G p(A(t)) for all * G J \ Jt^. Hence, if G G (/ - F(A)) M 1 , 
then Fit) := R(t, Ao)G(f) is a proper definition for t G \ For t G ^a we define 
F(t) as in (14.21 ) with T\ replaced by Y (note that Ao G intT). Due to Lemma l23f c) 
there exists C> such that ||F(f)|| a <C||G(f)|| a for a.e. t G J. Moreover, F(t) G (/— 
E(t;A))J^ a for a.e. f G J implies F G (I-E(A))^. In addition, F(f) G domA(f) 
and (A(t) -Ao)F(f) = G{t) holds for a.e. t G J . Consequently, F G domA and 
(A-Ao)F = G. Therefore, Ao G p(A\{I-E(A))JF). 

It remains to prove that E(A) is in the double-commutant of the resolvent of A for 
A G *Bo(y). For this it suffices to consider only closed A G 23o(y)- For A: sufficiently 
large, say k> K, the set := {A G y : dist(A,A) < l/k} is an element of 23o(y)- 
If the spectral curve y is a spectral set of A and A = y, then F(A) coincides with the 
Riesz-Dunford spectral projection of A corresponding to A, and hence (SI) holds true. 
Otherwise, A is a proper subset of A k for all k> K. Let B G 3S{^) be an operator 
which commutes with S := (A - Ao) -1 for some Ao G p(A). Set B := B\E(A)Jtf G 
^(F(A)J^, M 3 ). Then, since S commutes with all E(Aj ( ), we have for k> K: 



S\(I-E(A k ))JH> (I-E(A k ))B Q = (I-E(A k ))B S|F(A)JT 
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Owing to (S4), (S5) and Rosenblum's corollary (see, e.g., 11331 ) it follows that (I — 
E(A k ))Bo = for all k > K or, equivalently, 

BE{A),^C E{A k )Jf. 

Similarly one proves that for all k > K 

B{I-E{A k )),Jtf>C (I-E(A))JP. 

We will now prove that the following two inclusions hold: 

f) E(A k )Jfc E(A)Je, (I-E(A))jP(Z c.l.s. Ul-E(A k ))JF: k >k} . 

k>K 

(4.3) 

Then the proof of (SI) is complete. For simplicity we assume K = 1 and set 

<5 :=A, S k :=A k \A k+ i for£>l. 

Then the 8 k , k > 0, are mutually disjoint and their union coincides with Ai. By (S2) 
we obtain for every F G J4f: 

oo 

E(A l )F=E(A)F+£E(8 k )F. 

k=\ 

As for k > 1 we have E(8 k ) = E(A k ) -E(A k+x ), this implies \\E(A k )F -E(A)F\\„ -4 
as k — > oo and thus (14.3I ). The stated uniqueness of E is a consequence of (SI), (S2), 
(S4) and (S5), see, e.g. EB Lemma 3.14]. □ 

Due to Theorem I2.7l the spectrum of A consists of the union of countably many 
regular spectral curves of A and the (discrete) set c(A) of points A £ o(A) for which 
D(A) = 0. The points in c(A) will be called the critical points of A. 

Remark 4.2. We mention that in a similar manner to the proof of Theorem 14.11 a 
spectral projection E(A) can be defined for small connected a (A) -neighborhoods 
A of the critical points of A. Hence, if 53 c ( A )(a(A)) denotes the collection of all 
bounded Borel sets in a (A) whose a (A) -boundary does not contain any critical point 
of A, then there exists an operator- valued mapping E on *B c t A \(a(A)) with the prop- 
erties (S1)-(S5) in Definition[T2](wifh T and *B (y) replaced by A and <8 c(a) (ct(A)), 
respectively). 

Definition 4.3. The mapping E on QS c ( A )(a(A)) from Remark FOl is called the spec- 
tral function of A (with the set of critical points c(A)). A critical point Ao of A is 
called regular if for some domain in C with Ao G % and ^ He (A) = {Xq} we 
have 

sup sup ||-E(A)|| < oo, 

7 AC?/,AG!Bo(r) 
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where the first supremum runs over all regular spectral curve s 7 of A with Ao in the 
a (A) -boundary of 7. If the critical point Ao is not regular, it is called singular. A 
singular critical point of A is also called a singularity of the spectral function E or a 
spectral singularity of A. 

If 7 is a regular spectral curve of A, then by A r : .J?y — > 7 we denote the mapping 
with Xy(t) G a(A(f)), ? G .A,. This mapping is unique and real-analytic: if % is a 
domain in C with ^ n a(A) = 7 and on which D does not vanish, then for t G J^, 
we have A r (?) = (D|^) _1 (2cos(?)). By E we denote the spectral function of A, i.e. 

f (A) := &E(A)&-\ A G <B c(A) (a(A)). 

Lemma 4.4. Le? ybe a regular spectral curve of A and let A G *8o(t). Then for all 
G,H G we /iave 

where A(-) := Ay(-) and L(-) jj monodromy matrix from (12.9b - 

Proof. It is no restriction to assume that 7 is maximal. By the definition of E(A) in 
the proof of Theorem 14. II we have 



[E(A)G,H]^ = -^- jJ^[R{t,X)G{t),H{t)] a dldt, 

where T is a closed rectifiable Jordan contour such that cj(A) n hnT = 7 and d(A) n 
r = 7 \ 7, cf . Figure Q] We will now make use of the representation (12.1 1I) - (I2. 121 ) 

of R(t,l). For x,y G [0,a] and t G J set f(t,x,y) := (G(t)){y)w(y)(H(t))(x)w(x). 
Since the function 

A^ f [\^x) T ^ x (y)f(t,x,y)dydx 
Jo Jo 

is entire for every f, it follows that [is (A)G,//] ^ coincides with 

\ r r r" ra L(X)—e^ k 

/ / / / ^(.f \/ ^(yj/^yjrfy^AA 
JJkJtJo Jo 2cos -D A 



27n 7^ A Jr Jo Jo 2 cos (?) - D (A ) 

1 / r n<Px,H(t)]a\ T L(x)-e- u (\G(t)m a 



IniijjT \WxMt)\a) 2cos(0-D(A) V-[G(0,<Pa]« 
The assertion is now a consequence of 



<iA <f?. 



2cos(0-D(A) A-A(?) 
and Cauchy's integral formula. □ 
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Lemma 4.5. Let Ao E c(A), let ybe a regular spectral curve of A with yn c(A) = { Ao} 
and let f(t) be one of the entries of the matrix function L(Xy(t)) — e~" ' . If 



f 



Do Ay 



then Ao is a singular critical point of A. 



Proof. Set A(-) := A r (-). We prove the lemma for the entry f(t) = (p^^(a) — e~" . 
The proof for the other ones is similar. For linearly independent functions g,h E J$? a 
we set 

*(*,*) :=J a {g-^h 

Since / is real-analytic, the zeros of / in J?y are at most countable. If //(Do A) E 
l}{Sy)\I?(S y ), for teJ?y define 



Gf) 



(0 := 



D(A(0) 

/(0 

D(A(0) 



1/2 

^(va(o><PA(o)> 
/(0 



D(X(t)) 



®{<Px(t),Vx{t))- 



Vol t e J\J? y we set G(t) := //(?) := 0. Then, G,H E L 2 (J r ,J^ a ), and due to 
Lemma |4~41 for each connected A E 35o(7) we nave 



[£(A)G,#] 



\\<PX(t)\\lWx(t)\\l 



2\ 2 



D(A(0) 



dt. 



This shows that [2s(A)G,//]~ tends to oo when the a(A)-boundary of A tends to Ao- 



If //(Do A) L 1 («^V), the same holds for [£(A)G,#]~, where 



G(0:=^(W^,W)), ff ( f ) : =^-^|if $(<PA «' mw) ' 
Hence, in both cases Ao is a singular critical point of A. □ 

Theorem 4.6. Let Ao he a critical point of A and set to := arccos(D(Ao)/2). Then the 
following assertions are equivalent. 

(i) Ao is a regular critical point of A. 

(ii) D(Ao) E {-2,2}, v%(«) = (/><)(«) =(WD(Ao) ^0. 

(iii) ker ((A(f ) - Ao) 2 ) = ker(A(f ) - Ao). 
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Proof. Let m > 2 be the order of Ao as a zero of the function D — D{Xq). Then there 
exists an entire function F with F(Xq) ^ such that D(A) -D(Ao) = (A - Ao) m F(A) 
for all A e C. Hence, we have (D(A) - D(Ao))"^ 1 = (A - Ao) m(m - 1) F(A) m and 
D(A) m = (A - A )" l ( m - 1 )(mF(A) + (A - Ao)F(A)) m for all A e C. Combining these 
identities we obtain 

D(A)'» = C{XT{D{X) -D(Ao))'"- 1 , where C(A) := . 

Note that lim^^ C(A) = ra. In what follows let 7 be a regular spectral curve of A 
with ync(A) = {Ao} and set A(-) = A 7 (-)- 
Assume that (i) holds. Then we have 

m-l 

|D(A(f))| = |C(A(0)|- |2(cos(0-cos(? ))| m , fe/ r (4.4) 

If D(Ao) $ {-2,2}, then either cp k) (a) ^ or (py*^)(a) / Without loss of 
generality we assume (p^a) 7^ e~"° and f{t) := <PA(f)( a ) — e ^ 7^ for ? G J*^. Then 
(l4~4b implies 



Do A 



which, due to Lemma 1431 is a contradiction. Hence, D(Xq) € {—2,2}. In the follow- 
ing we only consider the case D{Xq) = 2 (and thus ?o = 0). Similar arguments apply 
to the case D(Xq) = -2. From (|4~41 it follows that 

\D(X(t))\=c{t)-\t\ 2 - 2 / m , t€S Y , (4.5) 

where c £ C(Z^) with c(0) / 0. Hence, if V%(«) / or (p(pi)(a) / 0, then 

Do A * v r; £>oA * v r; 

which again contradicts (i). Assume now that V%( a ) = (/"P^,)^) = 0> but D(Ao) = 0. 
Then <p h (a) = (pv^)(a) = 1 and m > 3. FromD(A) = F(X)C(X)(X -Ao) m_1 and 
(14.51 ) we obtain 

|A(0-Ao|=c(0k| 2/m , tej? r (4.6) 

with c G C{Jy), c(0) / 0. Let g(-) be an entry of L(-) -/. We set := g(A(f)) 
if g is an off-diagonal entry and := g(X(t)) + 1 — otherwise, t £ Then 
/ g (f) is an entry of L(A(f)) — By fe(g) denote the order of Ao as a zero of g. 
If K(g) < (m - 2) /2, then it is seen from @3) and (@~6]> that f g /(DoX)<£ L 1 (J*y). 
Therefore, we have K(g) > (m — 2) /2 for all entries g of L(-) — /. The relation 

- 1)((M)(«) - 1) = D W - 2 + (p9i)(«)V0i W (4-7) 
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implies that there exists an entry g of L(-) — I with K(g) < m/2. Let g be such an 
entry of L(-) — I. Let us first assume that m is odd. Then fc(g) = (m — l)/2 and for 
all /? E (m/(m — l),m/ [m — 2)), < 2, we have 



Do A 



£L\jy)\LP(S y ) and 



Do A 



which implies / g / (D o A) ^ LP^Jy) and thus / g / (D o A) ^ L 2 (^ 7 ), contradicting (i). 
Therefore, m must be even. For all entries g we have K(g) > (m — 2)/2 = m/2 — 1 
and thus K(g) > m/2. For off-diagonal entries g even K(g) >m/2 + l holds since 
otherwise f g /(DoX) £ L 2 (J Y ). From this and (13771 ) it follows that 



K(9 A (a)-l) 



it((j>v£)(a)-l) = ~. 



Setgn(A) :=<p A (a)- 1 andg 2 2(A) := (pv£)(«) 
There exist entire functions cjj such that g//(A) 



l,AEC,and/ ;7 :=4 7 ,7 = l,2. 
(A - Ao) m / 2 c y7 (A) for A E C and 



-jj 



(Ao) / 0. Note that c n (Ao) +c 22 (A>) = D( m / 2 )(Ao)/(m/2)! = 0. Therefore, there 



exists j E {1,2} such that for t sufficiently close to zero 



(X(t)-\oT /2 cjj(Ht)) 



isin(f) 



> 5 



with some 8 > 0. For this j we have 

fjj(t) _ (A(0-Ao) m/2 c 77 (A(0)-/sin(0 f l-cos(f) 



D(A(0) 



+ 



D(A(0) D(A(?)) • 



As 



1 — cos(0 9 . „ . ? , , . . 

W GL 2 (/ 7 ) and . (£L % {J s y ) 



D(X(t)) 



D(A(0) 



it follows that fjj/ (D o A) ^ L 2 (=y r ). This finally shows that (i) implies (ii). 

Assume that (ii) holds. As above, we only consider the case D(Ao) = 2. From 
m = 2, (14.51) and (14.61 ) it follows that each entry of 

L(A(Q)- g -* 
D(A(0) 



is bounded as a function of t E J^y. Hence, the uniform boundedness of is (A) for 
A E 2$o(y) is a consequence of Lemma l4.4[ and (i) follows. Moreover, it is seen from 
the representation (12.1 1M2. 121 of i?(0, A) = (A(0) - A) -1 that Ao is a pole of order 
one of i?(0,A). This yields (hi). Conversely, assume that (hi) is satisfied. Then the 
spectral subspace of A(to) corresponding to the isolated eigenvalue A) coincides with 
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ker(A(to) — Ao) and has at most dimension 2. As due to D(Xq) = the function D 
attains its values at least twice in a neighborhood % of Ao, it follows from G5l Theo- 
rem VII- 1.7] that for t close to ?o the operator A (?) has exactly two simple eigenvalues 
in ^ and hence also dimker(A(?o) — Ao) = 2. This implies (ii). □ 

Remark 4.7. We remark that the techniques and results above also apply to differ- 
ential expressions a with complex-valued coefficients w, p, q and associated non- 
constant Floquet-discriminant 1 . In fact, even for higher order differential expres- 
sions with complex- valued coefficients (but without weight) the characterization (iii) 
in Theorem 14.61 of (finite) regular critical points was proved by Veliev in (34). In 
addition, we mention that in the paper [18 ] by F. Gesztesy and V. Tkachenko also 
necessary and sufficient conditions have been proved for the point oo not to be a spec- 
tral singularity of a Hill operator (i.e. w = p = 1) with complex- valued potential q. 
In the proof the authors make use of the asymptotic behaviour of the eigenvalues of 
the operators A(f) and the functions q>x and To the best of our knowledge such 
asymptotics do not exist yet in the case of an indefinite weight function. Therefore, 
we restrict ourselves to proving only a sufficient condition in the next section. 

Corollary 4.8. The set of singular critical points of A is finite. 

Proof. Let £% > be as in Lemma l3~4l and let A be a critical point of A in C \B@(0). 
Then A € a + (A(t)) U a_(A(f)), where t := arccos(D(A)/2). Hence, ker((A(f) - 
A) 2 ) = ker(A(?) — A) holds by (11.31 ) which implies that A is a regular critical point 
of A. Therefore, the singular critical points of A are contained in B^(0). And as any 
critical point of A is a zero of the non-constant holomorphic function D, the statement 
is proved. □ 

The following corollary can be found as Theorem 3.8 in [28 1 . 

Corollary 4.9. Assume that A is J-nonnegative. Then the zero point is the only pos- 
sible singular critical point of A. If is a critical point of A, then it is singular. 

Proof. Due to Corollary I2.8l the spectrum of A is real. Since a ex (A(f)) = for each 
t € J^, the value S% > in Lemma 13.41 can be chosen arbitrarily small. Hence, the 
same arguments as in the proof of Corollary 14. 8 l imply that the critical points of A in 
R \ {0} are regular. And since yo(a) > (see the proof of ll35l Theorem 12.7]), the 
origin is a spectral singularity of A if G c(A). □ 

5 Regularity of the point <*> 

We say that oo is a spectral singularity of A if 

sup ||£([^,C])|| =oo or sup ||£([-C,-^])|| =oo, 

'if w is not real-valued, then [■,•], [• , -} a and [• , are only bounded sesquilinear forms. 
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where ffl is as in Lemma [3~4l and E denotes the spectral function of A. In this section 
we provide a condition which ensures that oo is not a spectral singularity of A. A point 
xo G K is called turning point of the function w if w is indefinite on (xo — 8,xq + 8) 
for each 8 > 0. In Theorem 15.3 I below we assume that the function w has only finitely 
many turning points in [0,a] at which it is 1 -simple in the following sense. 

Definition 5.1. The function w is called \-simple at a turning point xo, if there exist 
8 > 0, t + ,t_ > —1 and functions p + G C^fx^xo + 8]) and p_ G C^Qxo — 8,xq\) 
with p+(xo) ^ 0, P-(xo) / and sgn(p + (xo +x)) = — sgn(p_(xo — x)) = const for 
x G [0, 8], such that 

w(x) = p±(x)|x-x | T± , ±(x-x ) G (0,5). 

Remark 5.2. The term "n-simple" originates from the paper llLTl where ordinary 
differential expressions of order 2n, n G N, were investigated. 

Theorem 5.3. Assume that the function w has only finitely many turning points in 
[0,a] and that w is l-simple at each of them. If p and p~ l are essentially bounded in 
neighborhoods of these turning points, then °° is not a spectral singularity of A. 

Proof. The proof is divided into two steps. 

1. In this step we assume that the self-adjoint operator T = J A is uniformly 
positive, i.e., there exists 8 > such that (Tf,f) > 5||/|| 2 for all / G domT. Then 
also {T(t)fJ) a > 8\\ff a for all t G J and all / G domT(t). By T min denote the 
minimal operator associated with t on [0,a]; that is, T m i n f := t(/), / G domr m ; n , 
where 

domr min = {/ GLf w| (0,fl) :/,/' G AC([0,a]), 

f(0)=f(a) = (pf')(0) = (pf')(a)=0}. 

Clearly, the symmetric operator is uniformly positive. Denote the Friedrichs- 
and the Krein-von Neumann extension of r m ; n by Tp and T^, respectively, and define 
the sets 

9 N := {/ G AC([0,fl]) : \f\ 2 p G L l (0,a)}, 
9{t) := {f G 9 N : f(a) = e k f(0)}, t G J, 
^:={/G%:/(0)=/(a) = 0}. 

Obviously, & F C 9{t) C & N for all t G J. It is well-known (cf. US) that 
domr^ /2 = ^v, domr(0 1/2 = ^(0 and dom^ 7 ^^. 

These are at the same time the domains of the closures of the forms which are induced 
by Tff, T(t) and 7> , respectively (cf. J25] Chapter VI, Theorem 2.23]). Moreover (see 
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lfl9l Theorem 4.1] and fl25] Chapter VI, Theorem 2.21]) for all t G J the following 
relations hold: 

||^ /2 /lla < lin0 1/2 /ll« forfeit) (5.1) 

and 

\\T(t) l/2 f\\ a < \\T^ ,2 f\\ a for / G 9 F . (5.2) 

We mention that it is no restriction to assume that zero is not a turning point of w. 
Hence, the number of turning points of w in [0,a] is even. Let x\,... ,X2 n G (0,a) 
be the turning points of w. Due to lfT3l Section 3] there exists a uniformly positive 
operator X a G &(Jt? a ) with X a @ N C $>n such that for / e^we have (X a f){xj) = 
0, 7 = 1, . . . ,2n, and X a / = / in neighborhoods of and a. Hence, the bounded, 
boundedly invertible and 7 fl -nonnegative operator W a := J a X a satisfies 

W a @ N C 9 N and W a @(t) C 9{t) for all t G J. (5.3) 

By i G {—1, 1} denote the sign of w on [0,^i) U (x2 n ,a\. Due to the properties of X a 
and (15.31 ) we have 

(W fl -l/)%C*. (5.4) 
Now, define the operator W G .^(L 2 (j? ,Jf a )) by 

(WF)(f) :=W a F(0, FeLV.^),^^ 

This operator is 7-nonnegative and boundedly invertible. In the following we shall 
show the relation 

Wdomf 1 / 2 C domf 1 / 2 , (5.5) 

where T denotes the multiplication operator with the family {T(t) : t G J^}, cf. (12.4b . 
Clearly, T 1 / 2 coincides with the multiplication operator with the family {T(f) 1 / 2 : t G 
^"}. In particular, 

domf 1 / 2 = {F£ L 2 {J,^ a ) : F{t) G 9(t) a.e., r(-) 1/2 F(-) G L 2 (^,J^)}. 

In-order to prove d53J let F G domf 1 / 2 . Then WF G L 2 (j^, J€ a ), and (ED gives 
(W)(f) = W a F(t) G ^(0 for a.e. t G J^. It remains to prove that r(-) 1 / 2 W fl F(-) is 
contained in L 2 (j^,^). By the closed graph theorem and (I5.4t there exists some 
c > such that 

\\4 /2 (w a -u)f\\ 2 <c(imi 2 +ii^/vn 2 ), /€^. 

This, together with the relations (15.11 ) and (15.21 . implies 

||r(0 1/2 (w a -i/)F(0H 2 < ||7> 1/2 (w a -t/)F(/)|| 2 

<c(||F(0|| 2 + ||^/ 2 F(0|| 2 ) 

<c(||F(0l| 2 + ||r(0 1 / 2 J F(0ll 2 )- 
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Hence, the function t \-> T{t) l l 2 W a F{t) - iT(t) l l 2 F{t) is an element of L 2 {Jf } ^f a ). 
Therefore, also 1 1-> T(t) y l 2 W a F(t) belongs to L 2 (J ',J%,), and (T53]) is proved. It is 
now a consequence of (15.51) and lTl2l Proposition 3.5] that oo is not a spectral singu- 
larity of A and thus neither of A. 

2. In the general case there exists rj > such that T + r\ is uniformly positive. 
The operator T + rj is the maximal operator corresponding to 

tr, if) ■= Kf) + nf = A (- (/>/')' + (9 + n \M)f) ■ 

\W\ \ / 

Similarly, A + r\J = J(T + r\) is the maximal operator associated with 

M/) :=-(-(p/)' + (9 + i?M)A 

By step 1 of this proof, oo is not a spectral singularity of A + r\J. Equivalently (see 
lfT2l Proposition 3.5]), there exists a bounded and boundedly invertible 7-nonnegative 
operator W in L 2 ,(R) with WdomA C domA. Let g& > such that is of 

positive type, (— °°, —M] is of negative type with respect to A and a (A) \M C 5^(0), 
and let £" be the spectral projection corresponding to B^(0), cf. Remark l4~2l Then 
both £ and : = I — E are /-self-adjoint. Moreover, both ranis and ranis^ are A- 
invariant and A± := Alranisi. is /-nonnegative and boundedly invertible. Set W± := 
E±(W\ranE±). Then for / G ran£^ we have [Wj_/,/] = [Wf,f] which implies that 
also W± is 7-nonnegative and boundedly invertible. In addition, 

Wj^domAj^ C E±W domA C E±domA = domA^. 

Therefore, oo is not a spectral singularity of A± by lfl2l Proposition 3.5] and thus 
neither of A. □ 

Remark 5.4. The assertion in step 1 of the proof of Theorem 15 .3 1 has been proved 
similarly but in less detail in ||28T| . 

Corollary 5.5. Under the conditions on w and p in Theorem \53\ the operator A is a 
direct sum of a bounded operator and a self-adjoint operator in a Hilbert space. 

Proof. Choose ffl > as in step 2 of the proof of Theorem 15.31 and let Ej, be the 
spectral projection of A corresponding to fi^(O). In addition, denote by E± the 
spectral projection of A corresponding to \ \—M,M], set Ay := A\mnEb and 
A± := A|ran£±. From ran^ C domA it follows that Ay is bounded. Since (J%,°°) 
is of positive type and (— oo, — 3%) is of negative type with respect to A, the in- 
ner product spaces (ran£ + , [• , ■]) and (ran£"_, — [• , •]) are Hilbert spaces. Moreover, 
ran(7 — Ej,) = ran£' + [-i-]ran£'_. Therefore, A v :=A + [+]A_ is self-adjoint in the 
Hilbert space (ran(7 -£,,),(•, •)), where (f+ + f-,g+ + g-) = [f+,g+] - \f-,g-], 
f±,g± £ ran£±, and A = A b [+]A S . □ 
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